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1. Introduction
Let H(X) be the homeomorphism group of a space X with the compact-open topology or the Whitney topology. These
topologies coincide with each other when X is compact. In his unpublished paper [1], R.D. Anderson proved that the
homeomorphism group H(Γ ) of a ﬁnite (i.e., compact) graph Γ is an l2-manifold, that is, it is covered by open sets which
are homeomorphic to (≈) open subspaces of the separable Hilbert space l2.1 On the other hand, the ﬁrst author [2] showed
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1 In the paper [15], one can see the proof of the fact that the identity component of H(I) is homeomorphic to l2, where I = [0,1].0166-8641/$ – see front matter © 2009 Elsevier B.V. All rights reserved.
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the Hilbert space l2 and the direct limit R∞ of the tower R ⊂ R2 ⊂ R3 ⊂ · · · . It should be remarked that every separable
inﬁnite-dimensional LF-space is homeomorphic to one of l2, R∞ or l2 × R∞ (cf. [18]) The aim of this paper is to classify
topologically the homeomorphism groups H(Γ ) of inﬁnite (i.e., non-compact) graphs Γ with respect to the compact-open
topology and the Whitney topology.
By a graph, we understand the polyhedron (or the underling space) Γ of a 1-dimensional simplicial complex with
the Whitehead (or CW) topology.2 A point v ∈ Γ is called a topological vertex of a graph Γ if v has no neighborhood
homeomorphic to an open subset of the real line, that is, v is a branch point or an end-point or an isolated point. By Γ (0) ,
we denote the set of topological vertices of a graph Γ .3 It follows from the deﬁnition that the set Γ (0) is discrete in Γ
and the complement Γ \ Γ (0) can be written as the disjoint union ⋃α∈A Eα of connected components, homeomorphic
to the open interval (0,1) or the circle T = {z ∈ C: |z| = 1}. The closure Eα of Eα in Γ is compact if and only if Eα is
homeomorphic to I = [0,1] or T. In case Eα = Eα ≈ T, we call Eα an isolated circle of the graph Γ . On the other hand, Eα is
non-compact if and only if Eα is homeomorphic to R or R+ = [0,∞).
To each graph Γ , we can assign the following four cardinal numbers:
• pΓ — the number of isolated points of Γ ,
• oΓ — the number of isolated circles of Γ ,
• κΓ — the number of components of Γ \ Γ (0) with compact closure in Γ ,
• νΓ — the number of components of Γ \ Γ (0) with non-compact closure in Γ ,
and put eΓ = κΓ + νΓ · ℵ0.
As we shall see later, those cardinal numbers compose one of two ingredients determining the topological structure of
the homeomorphism group H(Γ ) and some its subgroups, in particular, the subgroup H+(Γ ) of orientation-preserving
homeomorphisms.
A homeomorphism h : Γ → Γ of a graph Γ is said to be orientation-preserving if
• h|Γ (0) = id;
• for each connected component Eα of Γ \Γ (0) , the restriction h|Eα is an orientation-preserving homeomorphism of Eα .
By the support of a homeomorphism h : Γ → Γ , we mean the set supp(h) = cl{x ∈ Γ : h(x) 	= x}.
Besides the group H(Γ ), we are interested in the following subgroups of H(Γ ):
• H+(Γ ) — the subgroup of orientation-preserving homeomorphisms of Γ ;
• Hc(Γ ) — the subgroup of homeomorphisms with compact support;
• HPL(Γ ) — the subgroup of PL homeomorphisms of Γ .
Intersecting those subgroups, we obtain four other subgroups of H(Γ ):
H0(Γ ) = H+(Γ ) ∩ Hc(Γ ), HPL+ (Γ ) = H+(Γ ) ∩ HPL(Γ ),
HPLc (Γ ) = Hc(Γ ) ∩ HPL(Γ ) and HPL0 (Γ ) = H0(Γ ) ∩ HPL(Γ ).
Those subgroups are important because of the following proposition, which will be proved in Section 17 (Propositions 17.1,
17.5 and 17.6).
Proposition 1.1. For an arbitrary graph Γ ,
(i) the subgroup H+(Γ ) (resp. HPL+ (Γ )) coincides with the identity component of the topological group H(Γ ) (resp. HPL(Γ )) en-
dowed with the compact-open topology;
(ii) the subgroup H0(Γ ) (resp. HPL0 (Γ )) coincides with the identity component of the topological group H(Γ ) (resp. HPL(Γ )) en-
dowed with the Whitney topology.
Consequently, H+(Γ ) and H0(Γ ) (resp. HPL+ (Γ ) and HPL0 (Γ )) are normal subgroups of H(Γ ) (resp. HPL(Γ )).
By the identity component of a topological group, we understand the connected component containing the neutral element
of the group.
2 Usually, a 1-dimensional simplicial complex K is called a graph and the underling space of K is denoted by |K |. Here we treat only the space |K | rather
than the complex K .
3 One should not confuse the set Γ (0) of topological vertices with the set V (Γ ) of (combinatorial) vertices of the graph Γ seen as a complex.
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to a topological space Y is generated by the base consisting of the sets ΓU = { f ∈ C(X, Y ): Γ f ⊂ U }, where U runs over the
open subsets of X × Y and Γ f = {(x, f (x)): x ∈ X} stands for the graph of a map f ∈ C(X, Y ).
It is known that for every paracompact space X , the homeomorphism group H(X) ⊂ C(X, X) of X endowed with the
Whitney topology is a topological group (see Proposition 4.14 of [4]). In particular, the homeomorphism group H(Γ ) of any
graph Γ is a topological group with respect to the Whitney topology.
In contrast, for a paracompact (even locally compact) space X , the inverse operation on the homeomorphism group H(X)
need not be continuous with respect to the compact-open topology, see [7]. However, in case of a graph Γ , the home-
omorphism group H(Γ ) is a topological group with respect to the compact-open topology, which will be shown in
Proposition 6.1.
As we shall see in Proposition 17.3, the normal subgroup H+(Γ ) is open in the homeomorphism group H(Γ ) en-
dowed with the Whitney topology. Consequently, H(Γ ) is homeomorphic to H+(Γ ) × (H(Γ )/H+(Γ )). Because of that, it
is important to study the structure of the quotient group H(Γ )/H+(Γ ). In Section 15, we shall show that this group is
isomorphic to the automorphism group Aut( Γ ) of a certain digraph Γ whose geometric realization | Γ | is homeomorphic
to the graph Γ .
By a directed graph (brieﬂy, digraph), we understand a pair Γ = (V , E), where V is the set of vertices and E ⊂ V × V is
the set of (directed) edges of Γ with the condition that x 	= y and (y, x) /∈ E if (x, y) ∈ E (cf. [8]). A digraph can be regarded
as a 1-dimensional oriented (or ordered) simplicial complex. The geometric realization | Γ | of a digraph Γ = (V , E) is the
graph deﬁned as the polyhedron of the 1-dimensional simplicial complex. By an automorphism of a digraph Γ = (V , E), we
understand a bijection h : V → V such that (u, v) ∈ E if and only if (h(u),h(v)) ∈ E . Regarding Γ as an oriented (or ordered)
simplicial complex, an automorphism is an orientation (or order) preserving simplicial isomorphism of Γ onto itself, which
induces the orientation-preserving PL homeomorphism of | Γ | onto itself. Such automorphisms form a group Aut( Γ ) called
the automorphism group of the digraph Γ = (V , E), which will be discussed in Section 14.
In Section 15, we shall associate to each graph Γ a certain digraph Γ (which is called the associated digraph) so that the
geometric realization | Γ | is homeomorphic to Γ and the automorphism group Aut( Γ ) of Γ is isomorphic to the quotient
group H(Γ )/H+(Γ ). By identifying | Γ | with Γ and each automorphism of Γ with the induced the orientation-preserving
PL homeomorphism of Γ onto itself, the automorphism group Aut( Γ ) can be regarded as a closed subgroup of HPL+ (| Γ |)
(⊂ H(| Γ |)). It will be proved in Proposition 15.3 that H(Γ ) = H+(Γ )  Aut( Γ ) is the semi-direct product of H+(Γ )
and Aut( Γ ), while HPL(Γ ) is the semi-direct product HPL+ (Γ )  Aut( Γ ). By Autc( Γ ), we denote the subgroup of Aut( Γ )
consisting of automorphisms with compact support.
2. Main results
The main results of this paper are Theorems 2.1 and 2.2 below, which treat the compact-open and the Whitney topologies
of the homeomorphism groups of graphs. These theorems have a similar form but recognizing the Whitney topology on
homeomorphism groups turned out to be more diﬃcult in comparison to the compact-open topology.
For a group H with the neutral element e and a cardinal number κ , the small σ -product of κ many copies of H is
denoted by
·∏κ H = {(gα)α∈κ ∈ Hκ : gα = e except for ﬁnitely many α ∈ κ}⊂ Hκ .
To uniformize notation, we shall write
∏κ H instead of Hκ . Below, we denote by l f2 the linear hull of the orthonormal basis
of the separable Hilbert space l2.
Theorem 2.1. Let Γ be a graph with Γ the associated digraph. For the groups H(Γ ) and Aut( Γ ) endowed with the compact-open
topology, there is a homeomorphism Φc : H(Γ ) → Aut( Γ ) ×∏oΓ T ×∏eΓ l2 such that
(1) Φc(HPL(Γ )) = Aut( Γ ) ×∏oΓ T ×∏eΓ l f2 ;
(2) Φc(H+(Γ )) = {id} ×∏oΓ T ×∏eΓ l2;
(3) Φc(Hc(Γ )) = Autc( Γ ) × ·∏oΓ T × ·∏eΓ l2;
(4) Φc(H0(Γ )) = {id} × ·∏oΓ T × ·∏eΓ l2 .
A similar result holds for the Whitney topology on H(Γ ). However, instead of the product topology on ∏oΓ T and∏eΓ l2, we should consider the box-topology. For a topological group H and a cardinal κ , we denote by κ H the power
Hκ endowed with the box-topology generated by the base consisting of the boxes
∏
α∈κ Uα , where Uα , α ∈ H , are open
sets in H . By κH , we denote the set ·∏κ H endowed with the box-topology. If the cardinal κ is at most countable, then
κH coincides with the direct sum
⊕κ H of κ many copies of H in the category of topological groups. For the box-topology,
refer to [24,25].
The following theorem resembles Theorem 2.1 (but its proof is more diﬃcult) and is our principal tool in recognizing
the Whitney topology on the homeomorphism groups of graphs.
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there is a homeomorphism Φw : H(Γ ) → Aut( Γ ) ×oΓ T ×eΓ l2 such that
(1) Φw(HPL(Γ )) = Aut( Γ ) ×oΓ T ×eΓ l f2 ;
(2) Φw(H+(Γ )) = {id} ×oΓ T ×eΓ l2;
(3) Φw(Hc(Γ )) = Autc( Γ ) ×oΓ T ×eΓ l2;
(4) Φw(H0(Γ )) = {id} ×oΓ T ×eΓ l2 .
As is easily observed, when
∏κ H is regarded as the space of all functions from the discrete space κ to H , the product
topology and the box-topology coincide with the compact-open topology and the Whitney topology on
∏κ H , respectively.
For this reason, we shall sometimes refer to the product topology and the box-topology on
∏κ H as the compact-open
topology and the Whitney topology, respectively. Due to our proofs of Theorems 2.1 and 2.2, the maps Φc and Φw are
distinct. The following is open:
Problem 2.3. Let Γ be a graph with Γ the associated digraph. Does there exist a bijection Φ : H(Γ ) → Aut( Γ ) ×∏oΓ T × ∏eΓ l2, which is a homeomorphism in both the compact-open and the Whitney topologies on H(Γ ) and
Aut( Γ ) ×∏oΓ T ×∏eΓ l2?
Theorems 2.1 and 2.2 give us the following topological classiﬁcation:
Corollary 2.4. For each graph Γ , the triple (H+(Γ ),HPL+ (Γ ),H0(Γ )) of homeomorphism groups endowed with the compact-open
or the Whitney topology is respectively homeomorphic to
(∏oΓ T ×∏eΓ l2,∏oΓ T ×∏eΓ l f2 , ·∏oΓ T × ·∏eΓ l2) or (oΓ T ×eΓ l2,oΓ T ×eΓ l f2 ,oΓ T ×eΓ l2).
It is known that the pair ( ·∏ω l2, ·∏ω l f2 ) is homeomorphic to (l2 × l f2 , l f2 × l f2 ), see [23, Theorem 1.2]. On the other hand,
the pair (ωl2,ωl f2 ) is homeomorphic to (l2 × R∞, l f2 × R∞), see [2]. Here the direct limit R∞ can be regarded as the
space l f2 endowed with the strongest linear topology.
Corollary 2.5. If Γ is a non-compact separable graph without isolated circles, then the pair (H0(Γ ),HPL0 (Γ )) of homeomorphism
groups endowed with the compact-open or the Whitney topology is homeomorphic to (l2 × l f2 , l f2 × l f2 ) or (l2 × R∞, l f2 × R∞),
respectively.
When the homeomorphism group H(Γ ) is endowed with the Whitney topology, the subgroup H+(Γ ) is an open normal
subgroup in H(Γ ), hence the quotient group H(Γ )/H+(Γ ) = Aut( Γ ) is discrete. We will use this fact to obtain the follow-
ing classiﬁcation for the triple (H(Γ ),HPL(Γ ),H0(Γ )) of homeomorphism groups endowed with the Whitney topology.
Theorem 2.6. For each non-compact graph Γ , the triple (H(Γ ),HPL(Γ ),H0(Γ )) of homeomorphism groups endowed with the
Whitney topology is homeomorphic to
(i) (2pΓ +eΓ ×oΓ T ×eΓ l2,2pΓ +eΓ ×oΓ T ×eΓ l f2 ,1×oΓ T ×eΓ l2);
(ii) (oΓ T ×eΓ l2,oΓ T ×eΓ l f2 ,oΓ T ×eΓ l2) if 2pΓ  2eΓ .
Here we identify cardinals with the discrete spaces of ordinals of smaller cardinality. Under such a convention, the
number 1= {0} is a singleton.
For convenience sake, let us make the following notational convention. Given subgroups H ⊂ H(Γ ) and H ′ ⊂ H(Γ ′) for
graphs Γ and Γ ′ , we write
H
C≈ H ′ (resp. H W≈ H ′)
if there is a homeomorphism h : H → H ′ with respect to the compact-open (resp. the Whitney) topologies on H and H ′ .
When H with the compact-open topology (resp. the Whitney topology) is homeomorphic to a space X , we similarly write
H
C≈ X (resp. H W≈ X).
The same convention is available for homeomorphisms of pairs or triples.
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In this section, we show how to recover the values of the cardinals eΓ , oΓ and 2pΓ +eΓ from the topological structure of
the homeomorphism groups of Γ . For a cardinal number κ , let
κ =
{
1 if 1 κ < ℵ0,
κ otherwise,
and κ =
{ℵ0 if 1 κ < ℵ0,
κ otherwise.
Proposition 3.1. For a graph Γ , the following hold4:
(i) The cardinal eΓ  is equal to the weight of the spaces H+(Γ ), HPL+ (Γ ), H0(Γ ), and HPL0 (Γ ) endowed with the compact-open
topology.
(ii) The cardinal eΓ  is equal to the density of the spaces H0(Γ ) and HPL0 (Γ ) endowed with the Whitney topology.
(iii) If Γ is not compact, then 2pΓ +eΓ is equal to the number of connected components of the spaces H(Γ ) and HPL(Γ ) endowed
with the Whitney topology.
Proof. All three items follow from the inequality oΓ  eΓ and the following topological equivalences:
(H+(Γ ),HPL0 (Γ )) C≈ (∏oΓ T ×∏eΓ l2, ·∏oΓ T × ·∏eΓ l f2 ),(H0(Γ ),HPL0 (Γ )) W≈ (oΓ T ×eΓ l2,oΓ T ×eΓ l f2 ) and(H(Γ ),HPL(Γ )) W≈ (2pΓ +eΓ ×oΓ T ×eΓ l2,2pΓ +eΓ ×oΓ T ×eΓ l f2 ),
which are established in Theorems 2.1, 2.2 and 2.6, respectively. 
Recovering the cardinal oΓ is more delicate and requires some algebraic topology. We recall that the Betti number b1(X)
of a topological space X equals the vector space dimension b1(X) = dimQ H1(X;Q) of the singular homology group
H1(X;Q) of X with rational coeﬃcients. Replacing the ﬁrst homology group H1(X;Q) with the ﬁrst Cˇech cohomology
group Hˇ1(X;Q), we can obtain the deﬁnition of the co-Betti number b1(X) = dimQ Hˇ1(X;Q).
We shall also need a compact modiﬁcation of the co-Betti number suggested by Robert Cauty in a personal communica-
tion with the ﬁrst author. The compact co-Betti number cb1(X) of a topological space X is deﬁned as
cb1(X) = sup
f :K→X
dimQ f
∗(Hˇ1(X;Q)),
where the supremum is taken over all continuous maps f : K → X from a compact Hausdorff space K to X and
f ∗ : Hˇ1(X;Q) → Hˇ1(K ;Q) is the induced linear operator between the ﬁrst cohomology groups. It is easy to deduce from
the deﬁnition that the compact co-Betti number is a homotopy invariant of a topological space, that is, cb1(X) = cb1(Y ) if
X and Y have the same homotopy type.
Proposition 3.2. For every cardinal κ , the following equalities hold:
b1
(
κT
)= b1(∏κ T)= cb1( ·∏κ T)= κ.
This proposition will be proved in Section 18. Here we apply it to recover the value of oΓ from the topological structure
of homeomorphism groups of a graph Γ .
Proposition 3.3. The number oΓ of isolated circles of a graph Γ is equal to:
(i) the Betti number of the homeomorphism groups H0(Γ ) and HPL0 (Γ ) endowed with the Whitney topology;
(ii) the co-Betti number of the homeomorphism groups H+(Γ ) and HPL+ (Γ ) endowed with the compact-open topology;
(iii) the compact co-Betti number of the homeomorphism groups H0(Γ ) and HPL0 (Γ ) endowed with the compact-open topology.
Proof. (i) By Theorem 2.2,
(H0(Γ ),HPL0 (Γ )) W≈ (oΓ T ×eΓ l2,oΓ T ×eΓ l f2 ).
4 In the deﬁnition of graphs, we are assuming dimΓ = 1, that is, Γ 	= Γ (0) .
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f
2 . Con-
sequently, the spaces H0(Γ ) and HPL0 (Γ ) with the Whitney topology are homotopically equivalent to oΓ T. Hence, by
Proposition 3.2, we have b1(H0(Γ )) = b1(HPL0 (Γ )) = b1(oΓ T) = oΓ .
(ii) By Theorem 2.1, we have
(H+(Γ ),HPL+ (Γ )) C≈ (∏oΓ T ×∏eΓ l2,∏oΓ T ×∏eΓ l f2 ),
where
∏eΓ l2 and ∏eΓ l f2 are contractible. Then, it follows from Proposition 3.2 that b1(H+(Γ )) = b1(HPL+ (Γ )) =
b1(
∏oΓ T) = oΓ .
(iii) It follows from Theorem 2.1 that
(H0(Γ ),HPL0 (Γ )) C≈ ( ·∏oΓ T × ·∏eΓ l2,∏oΓ T × ·∏eΓ l f2 ),
where ·∏eΓ l2 and ·∏eΓ l f2 are contractible. By Proposition 3.2, we have cb1(H0(Γ )) = cb1(HPL0 (Γ )) = cb1( ·∏oΓ T) = oΓ . 
4. Classifying homeomorphism groups of graphs
In this section, we discuss the problem of detecting pairs of graphs Γ , Γ ′ having topologically equivalent homeomor-
phism groups.
Theorem 4.1. Let Γ , Γ ′ be two graphs with Γ , Γ ′ their associated digraphs. Then
(i) H(Γ ) C≈ H(Γ ′) if and only if Aut( Γ ) C≈ Aut( Γ ′) and H+(Γ ) C≈ H+(Γ ′);
(ii) HPL(Γ ) C≈ HPL(Γ ′) if and only if Aut( Γ ) C≈ Aut( Γ ′) and HPL+ (Γ )
C≈ HPL+ (Γ ′).
Proof. The “only if” part of the ﬁrst item follows from Theorem 2.1. To see the “if” part, assume that H(Γ ) C≈ H(Γ ′). By the
homogeneity, their identity components are homeomorphic, that is, H+(Γ )
C≈ H+(Γ ′) (Proposition 1.1). The automorphism
group Aut( Γ ) = H(Γ )/H+(Γ ) can be identiﬁed with the space of quasi-components of the space H(Γ ) endowed with the
compact-open topology. Consequently, we have Aut(Γ )
C≈ Aut(Γ ′).
By the same way, we can prove the second item of the theorem. 
Theorem 4.2. For two graphs Γ and Γ ′ , the following conditions are equivalent:
(a) oΓ = oΓ ′ and eΓ  = eΓ ′ ;
(b) H+(Γ )
C≈ H+(Γ ′);
(c) HPL0 (Γ )
C≈ HPL0 (Γ ′);
(d) (H+(Γ ),HPL0 (Γ ))
C≈ (H+(Γ ′),HPL0 (Γ ′)).
Proof. The implication (a) ⇒ (d) follows from Theorem 2.1 and the known topological equivalence (∏ω l2, ·∏ω l f2 ) ≈
(l2, l
f
2 ). The implications (d) ⇒ (b) and (d) ⇒ (c) are trivial. Finally, (b) ⇒ (a) and (c) ⇒ (a) follow from Propositions 3.1
and 3.3(ii), (iii). 
Theorem 4.3. For two graphs Γ and Γ ′ , the following conditions are equivalent:
(a) oΓ = oΓ ′ and eΓ  = eΓ ′ ;
(b) H0(Γ )
W≈ H0(Γ ′);
(c) HPL0 (Γ )
W≈ HPL0 (Γ ′);
(d) H+(Γ )
W≈ H+(Γ ′);
(e) HPL+ (Γ )
W≈ HPL+ (Γ ′);
(f) HPL+ (Γ )
C≈ HPL+ (Γ ′);
(g) (H+(Γ ),HPL+ (Γ ),H0(Γ ))
W≈ (H+(Γ ′),HPL+ (Γ ′),H0(Γ ′));
(h) (H+(Γ ),HPL+ (Γ ),H0(Γ ))
C≈ (H+(Γ ′),HPL+ (Γ ′),H0(Γ ′)).
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(h) trivial (f)
(b) (a)
Theorem 2.1
Theorem 2.2
(c)
(d)
Proposition 1.1
(g)
trivial
(e)
The implication (a) ⇒ (h) follows from Theorem 2.1, while (h) ⇒ (f) is trivial. The implication (a) ⇒ (g) follows from
Theorem 2.2, while (g) ⇒ (d) is trivial. The implication (d) ⇒ (b) follows from Proposition 1.1 and the fact that the identity
components of homeomorphic topological groups are homeomorphic.
(f) ⇒ (a): Assume that HPL+ (Γ )
C≈ HPL+ (Γ ′). By Propositions 3.3(ii) and 3.1, oΓ = oΓ ′ and eΓ  = eΓ ′ . If eΓ  =eΓ ′  	= ℵ0, then eΓ  = eΓ ′  by the deﬁnitions of κ and κ. Now, we see that the inequality eΓ  	= eΓ ′  is
possible only if 1  min{eΓ , eΓ ′ } < max{eΓ , eΓ ′ } = ℵ0. Without loss of generality, 1  eΓ < ℵ0 = eΓ ′ . Then, the spaces
HPL+ (Γ )
C≈ ∏oΓ T × l f2 and HPL+ (Γ ′) C≈ ∏oΓ ′ T × (l f2 )ω cannot be homeomorphic because the ﬁrst of them is σ -compact
while the second is not. This contradiction completes the proof.
(b) ⇒ (a): Assume that H0(Γ ) W≈ H0(Γ ′). By Propositions 3.3(i) and 3.1(ii), oΓ = oΓ ′ and eΓ  = eΓ ′ . If eΓ  =
eΓ ′  	= ℵ0, then eΓ  = eΓ ′  by the deﬁnitions of κ and κ. Now, we see that the inequality eΓ  	= eΓ ′  is possible
only if 1min{eΓ , eΓ ′ } < max{eΓ , eΓ ′ } = ℵ0. Without loss of generality, 1 eΓ < ℵ0 = eΓ ′ . In this case oΓ ′ = oΓ  eΓ is
ﬁnite. Then, the spaces H0(Γ )
W≈oΓ T× l2 and H0(Γ ′) W≈oΓ ′ T×ωl2 cannot be homeomorphic because the ﬁrst of them
is metrizable while the second is not. This contradiction completes the proof.
By analogy, we can prove the implications (g) ⇒ (e) ⇒ (c) ⇒ (a). 
Theorem 4.4. For two non-compact graphs Γ and Γ ′ , the following conditions are equivalent:
(a) 2pΓ +eΓ = 2pΓ ′+eΓ ′ , oΓ = oΓ ′ and eΓ  = eΓ ′ ;
(b) H(Γ ) W≈ H(Γ ′);
(c) HPL(Γ ) W≈ HPL(Γ ′);
(d) (H(Γ ),HPL(Γ ),H0(Γ ))
W≈ (H(Γ ′),HPL(Γ ′),H0(Γ ′)).
Proof. The implication (a) ⇒ (d) follows from Theorem 2.6, while (d) ⇒ (b), (c) are trivial.
(b) ⇒ (a): Assume that H(Γ ) W≈ H(Γ ′). Then, H0(Γ ) W≈ H0(Γ ′) (because homeomorphic groups have homeomorphic
identity components). By Theorem 4.3, oΓ = oΓ ′ and eΓ  = eΓ ′ . By Proposition 3.1(iii), 2pΓ +eΓ = 2pΓ ′+eΓ ′ .
By analogy, we can prove that (c) ⇒ (a). 
5. Normality and paracompactness of homeomorphism groups
In this section, we discuss some applications of the results from the preceding section to the problem of detecting normal
and paracompact groups among the homeomorphism groups of graphs.
Corollary 5.1. Let Γ be a graph. Endowed with the compact-open topology, the homeomorphism group
(i) H0(Γ ) is paracompact;
(ii) H(Γ ) is metrizable if and only if HPL(Γ ) is normal if and only if eΓ + pΓ  ℵ0 .
Proof. (i) By Theorem 2.1, H0(Γ )
C≈ ·∏oΓ T × ·∏eΓ l2, which is paracompact according to Theorem 3 of [16].
(ii) Let Γ be the digraph associated to Γ . If eΓ + pΓ  ℵ0, then the graph Γ is countable and its automorphism group
Aut( Γ ) is metrizable. Taking into account that oΓ  eΓ  ℵ0, we conclude that the product Aut( Γ ) ×∏oΓ T ×∏eΓ l2 is
metrizable, hence so is H(Γ ) by Theorem 2.1.
If the group H(Γ ) is metrizable, then its subgroup HPL(Γ ) is metrizable and thus normal.
It remains to prove that the normality of HPL(Γ ) implies pΓ + eΓ  ℵ0. Assuming pΓ + eΓ > ℵ0, we shall show that
HPL(Γ ) is non-normal. By Theorem 2.1, HPL(Γ ) C≈ Aut( Γ )×∏oΓ T×∏eΓ l f2 . Then, it suﬃces to show that one of factors of
the latter product is not normal. If eΓ > ℵ0, then ∏eΓ l f is not normal because it contains a closed topological copy of the2
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digraph Γ contains uncountably many isolated vertices, hence Aut( Γ ) contains a closed copy of the group Aut(ℵ1) of all
bijections of the uncountable discrete space ℵ1, endowed with the compact-open topology. It is easy to see that the group
Aut(ℵ1) contains a closed subgroup topologically isomorphic to the group Zℵ1 , which is not normal according to the Stone
Theorem. Consequently, Aut( Γ ) is not normal. 
The situation with the Whitney topology is more interesting.
Corollary 5.2. Let Γ be a graph. Endowed with the Whitney topology, the homeomorphism group
(i) H0(Γ ) as well as HPL0 (Γ ) is paracompact;
(ii) H(Γ ) is normal if and only if H(Γ ) is metrizable if and only if eΓ < ℵ0;
(iii) HPL(Γ ) is not normal if eΓ > ℵ0 and HPL(Γ ) is metrizable if eΓ < ℵ0;
(iv) HPL(Γ ) is paracompact if eΓ = ℵ0 and either b= d or d= c.
Proof. (i) By Theorem 2.2, Hc(Γ )
W≈ oΓ T ×eΓ l2 and HPLc (Γ )
W≈ oΓ T ×eΓ l f2 . By [19], the latter products are paracom-
pact.
(ii) If eΓ < ℵ0, then H(Γ ) is metrizable because it contains a metrizable open subgroup H+(Γ ) ≈∏oΓ T ×∏eΓ l2. If
eΓ  ℵ0, then H+(Γ ) ≈ oΓ T × eΓ l2 is not normal because it contains a closed subspace homeomorphic to the non-
normal space ω l2, see [9].
(iii) By Theorem 2.2, the space HPL(Γ ) contains a closed subspace homeomorphic to eΓ l f2 . The latter space is not
normal if eΓ > ℵ0, see [17]. If eΓ < ℵ0, then the group HPL(Γ ) is metrizable because it contains an open metrizable
subgroup HPL+ (Γ ) ≈
∏oΓ T ×∏eΓ l f2 .
(iv) Assume that eΓ = ℵ0. Recently, Scott W. Williams in [25] announced that under the Continuum Hypothesis (more
generally, under b = d or d = c) the box power ω X of any metrizable σ -compact space is paracompact. In particular,
HPL+ (Γ ) ≈ oΓ T × eΓ l f2 is paracompact. The group HPL(Γ ) is paracompact because it contains the open paracompact
subgroup HPL+ (Γ ). 
6. The compact-open topology on the homeomorphism groupH(Γ )
In this section, we shall prove the following:
Proposition 6.1. For every graph Γ , the homeomorphism group H(Γ ) endowed with the compact-open topology is a topological
group.
We recall that the compact-open topology on H(Γ ) is generated by the sub-base consisting of the sets
[K ,U ] = { f ∈ H(Γ ): f (K ) ⊂ U}⊂ H(Γ ),
where K and U are compact and open sets in Γ , respectively.
As observed in Introduction, Γ \ Γ (0) can be written as the disjoint union ⋃α∈A Eα of connected components, which
are homeomorphic to R or T. For each f ∈ H(Γ ), f (Γ (0)) = Γ (0) and { f (Eα) | α ∈ A} = {Eα | α ∈ A}. For each K ⊂ Γ , we
denote
AK = {α ∈ A | Eα ∩ K 	= ∅}.
For each f ∈ H(Γ ), Eα ∩ f −1(K ) 	= ∅ if and only if f (Eα) ∩ K 	= ∅, hence we have{
f (Eα)
∣∣ α ∈ A f −1(K )}= {Eα | α ∈ AK }.
Lemma 6.2. For each compact set K ⊂ Γ , each f ∈ H(Γ ) has an open neighborhood U with respect to the compact-open topology
such that
g ∈ U ⇒ g|Γ (0) ∩ K = f |Γ (0) ∩ K and f (Eα) = g(Eα) for each α ∈ AK .
Proof. Since K is compact, Γ (0) ∩ K and AK are ﬁnite. Each v ∈ Γ (0) ∩ K has an open neighborhood Uv in Γ with Uv ∩
Γ (0) = {v}. For each α ∈ AK , take a point xα ∈ Eα . The following is the desired open neighborhood of f :
U =
⋂
(0)
[{v}, f (Uv)]∩ ⋂ [{xα}, f (Eα)].
v∈Γ ∩K α∈AK
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which means g(Eα) = f (Eα). 
Lemma 6.3. The composition operator H(Γ ) × H(Γ )  ( f , g) → f ◦ g ∈ H(Γ ) is continuous with respect to the compact-open
topology.
Proof. Let K be a compact set and U an open set in Γ . Suppose that f ◦ g ∈ [K ,U ], that is, g(K ) ⊂ f −1(U ). Note that
{g(Eα) | α ∈ A} = {Eα | α ∈ A}. By Lemma 6.2, each g has an open neighborhood U such that
g′ ∈ U ⇒ g′|Γ (0) ∩ K = g|Γ (0) ∩ K and g′(Eα) = g(Eα) for each α ∈ AK .
Since Γ (0) ∩ K and AK are ﬁnite, the set
L = g(Γ (0) ∩ K )∪ ⋃
α∈AK
g(Eα)
is locally compact. Then, g(K ) ⊂ L∩ f −1(U ). We can ﬁnd an open neighborhood W of g(K ) in Γ such that clΓ W ⊂ f −1(U )
and L ∩ clΓ W is compact. Now, the following W is a neighborhood of ( f , g) in H(Γ ) × H(Γ ):
W = [L ∩ clΓ W ,U ] ×
(U ∩ [K ,W ]).
Then, ( f ′, g′) ∈ W implies f ′ ◦ g′ ∈ [K ,U ]. Indeed, if g′ ∈ U ∩ [K ,W ] then
g′(K ) ⊂ g′(Γ (0) ∩ K )∪ ⋃
α∈AK
g′(Eα) ∩ W = g
(
Γ (0) ∩ K )∪ ⋃
α∈AK
g(Eα) ∩ W = L ∩ W ⊂ L ∩ clΓ W ,
hence f ′ ◦ g′(K ) ⊂ f ′(L ∩ clΓ W ) ⊂ U . 
Lemma 6.4. The inverse operator H(Γ )  f → f −1 ∈ H(Γ ) is continuous with respect to the compact-open topology.
Proof. Let K be a compact set in Γ and U an open set in Γ . Suppose that f −1 ∈ [K ,U ], that is, f −1(K ) ⊂ U . Note that
f (Γ \ U ) ⊂ Γ \ K . By Lemma 6.2, f has a neighborhood U such that g ∈ U implies g|Γ (0) ∩ f −1(K ) = f |Γ (0) ∩ f −1(K ) and
g(Eα) = f (Eα) for each α ∈ A f −1(K ) . For each α ∈ A f −1(K ) , when Eα is compact (Eα ≈ I or Eα ≈ S), we have the following
(1) Wα = U ∩ [Eα \ U ,Γ \ K ] is an open neighborhood of f and g ∈ Wα implies f (Eα)∩ K = g(Eα)∩ K ⊂ g(Eα)∩ g(U ) ⊂
g(U ), where the case Eα \ U = ∅ (i.e., Eα ⊂ U ) can be possible.
For each α ∈ A f −1(K ) , if Eα is non-compact, then Eα ≈ R+ or Eα ≈ R. When Eα ≈ R+ , f (Eα) ∩ K is contained in an arc
Jα ⊂ f (Eα) with Jα ∩ Γ (0) 	= ∅. Take a point aα ∈ Eα \ f −1( Jα) and let Cα be the closure of the component of Eα \ {aα}
containing f −1( Jα). Observe that
(2) Wα = [{aα}, f (Eα) \ Jα] ∩ [Cα \ U ,Γ \ K ] is an open neighborhood of f and g ∈ Wα implies Jα ⊂ g(Cα) ⊂ g(Eα) =
f (Eα), hence f (Eα) ∩ K ⊂ g(Cα) ∩ g(U ) ⊂ g(U ).
When Eα ≈ R (which implies Eα = Eα ), f (Eα) ∩ K is contained in an arc Jα ⊂ f (Eα). Let U ′α and U ′′α be the components
of f (Eα) \ Jα . Take two points a′α ∈ f −1(U ′α), a′′α ∈ f −1(U ′′α) and let Cα be the closure of the component of Eα \ {a′α,a′′α}
containing f −1( Jα). Observe that
(3) Wα = [{a′α},U ′α]∩ [{a′′α},U ′′α]∩ [Cα \U ,Γ \ K ] is an open neighborhood of f and g ∈ Wα implies Jα ⊂ g(Cα) ⊂ g(Eα) =
f (Eα), hence f (Eα) ∩ K ⊂ g(Cα) ∩ g(U ) ⊂ g(U ).
Since AK is ﬁnite, we have an open neighborhood W = U ∩⋂α∈AK Wα of f , where if g ∈ W then g(Eα) = f (Eα) and
f (Eα) ∩ K ⊂ g(U ) for each α ∈ A f −1(K ) , hence K ⊂ g(U ), equivalently g−1(K ) ⊂ U , that is, g−1 ∈ [K ,U ]. 
Proposition 6.1 can be obtained as a combination of Lemmas 6.3 and 6.4.
7. The groupsH+(I),H+(T,1), andH+(T)
In this section, we recognize the topological structure of the homeomorphism groups H+(I), H+(T), and H+(T,1),
endowed with the compact-open topology. It coincides with the Whitney topology because of the compactness of I = [0,1]
and T = {z ∈ C: |z| = 1}.
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orientation-preserving homeomorphisms of I and PL ones, respectively. Note that H+(I) is an open subgroup of index 2
in H(I). Now, we shall show the following propositions (cf. Geoghegan and Haver [13]).
Proposition 7.1. (H+(I),HPL+ (I)) ≈ (l2, l f2 ).
Proof. Observe that the group H+(I) consists of increasing homeomorphisms of I and is homeomorphic to the Hilbert
space l2 [1] (cf. [15]). The latter can be seen as follows: Being a convex subset of the Banach space C(I) of continuous
real-valued functions on I, H+(I) is an absolute retract by the Dugundji Extension Theorem [5, Chapter II, Theorem 3.1].
As a Polish non-locally compact topological AR-group, H+(I) is homeomorphic to the separable Hilbert space l2 according
to [10].
The group HPL+ (I) consists of increasing PL homeomorphisms of I and thus is a convex inﬁnite-dimensional subset
of C(I). It is easy to see that HPL+ (I) can be written as the countable union of ﬁnite-dimensional compact subsets. Applying
Theorem 4.1 of [6], we conclude that HPL+ (I) is homeomorphic to l f2 .
Being a dense convex subset of H+(I), the group HPL+ (I) is homotopy dense in H+(I), see [3, Section 1.2, Exercise 13].
Since HPL+ (I) ≈ l f2 is a σ -compact homotopy dense subset of H+(I) ≈ l2, we can apply Theorem 3.1.10 of [3] to conclude
that the pair (H+(I),HPL+ (I)) is homeomorphic to (l2, l f2 ). 
Next, we consider the homeomorphism group H(T) of the circle T = {z ∈ C: |z| = 1}. Let H(T,1) be the subgroup
of H(T) consisting of homeomorphisms with h(1) = 1 and let H+(T,1) = H+(T) ∩ H(T,1).
Proposition 7.2. (H+(T,1),HPL+ (T,1)) ≈ (l2, l f2 ) and (H+(T),HPL+ (T)) ≈ (T × l2,T × l f2 ).
Proof. As is easily observed, the subgroup H+(T,1) can be identiﬁed with H+(I) by the homeomorphism
F1 :
(H+(I),HPL+ (I))→ (H+(T,1),HPL+ (T,1)), F1 : t → e2πti .
For any t ∈ T, let ht : T → T be the rotational homeomorphism deﬁned by ht(s) = st for any s ∈ T. Let S = {ht : t ∈ T} be the
subgroup of H+(T). It is clear that the map F2 : T  t → ht ∈ S is a homeomorphism. Thus, we have the homeomorphism
H : (H+(I) × T, HPL+ (I) × T)→ (H+(T), HPL+ (T))
deﬁned by H( f , t) = F2(t) ◦ F1( f ). By Proposition 7.1, it follows that(H+(T),HPL+ (T))≈ (H+(I) × T, HPL+ (I) × T)≈ (l2 × T, l f2 × T).
The proof is completed. 
Note that H+(I) and H+(T) are open subgroups of index 2 in H(I) and H(T), respectively. Thus, we get
Corollary 7.3. (H(I),HPL(I)) ≈ (H(T,1),HPL(T,1)) ≈ (2× l2,2× l f2 ) and (H(T),HPL(T)) ≈ (2× T × l2,2× T × l f2 ).
Here 2= {0,1} is the discrete two-point space.
8. The groupsH+(R) andH(R+) with the compact-open topology
In this section, we shall recognize the topological structure of the triples(H+(R),HPL+ (R),H0(R)) or (H(R+),HPL(R+),H0(R+))
of the homeomorphism groups endowed with the compact-open topology.
Proposition 8.1. (H+(R),HPL+ (R),H0(R))
C≈ (∏ω l2,∏ω l f2 , ·∏ω l2).
Proof. Consider the following closed subgroups:
H(R,Z) = { f ∈ H(R): f |Z = id} and
L = { f ∈ H+(R): f is linear on each interval [n,n + 1], n ∈ Z}.
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(H+(R),HPL+ (R),H0(R)) C≈ (L × H(R,Z), L × HPL(R,Z), L0 × H0(R,Z)), (1)
where L0 = L ∩ H0(R), HPL(R,Z) = HPL(R) ∩ H(R,Z), H0(R,Z) = H0(R) ∩ H(R,Z).
By analogy with the proof of Proposition 7.1, we can establish the topological equivalences of the pairs
(L, L0) ≈
(
l2, l
f
2
)≈ (R × l2,R × l f2 )≈ (∏ω R, ·∏ω R). (2)
Next, consider the homeomorphism
Ψ2 : H(R,Z) →∏Z H+(I), Ψ2 : h → (hn)n∈Z, hn : t → h(t + n) − n,
witnessing that
(H(R,Z),HPL(R,Z),H0(R,Z)) C≈ (∏Z H+(I),∏Z HPL+ (I), ·∏Z H+(I))≈ (∏ω l2,∏ω l f2 , ·∏ω l2), (3)
where the last homeomorphism comes from (H+(I),HPL+ (I)) ≈ (l2, l f2 ) established in Proposition 7.1. Unifying the homeo-
morphisms (1)–(3), we have
(H+(R),HPL+ (R),H0(R)) C≈ (L × H(R,Z), L × HPL(R,Z), L0 × H0(R,Z))
C≈ (∏ω R ×∏ω l2,∏ω R ×∏ω l f2 , ·∏ω R × ·∏ω l2)
≈ (∏ω(R × l2),∏ω(R × l f2 ), ·∏ω(R × l2))
≈ (∏ω l2,∏ω l f2 , ·∏ω l2). 
By analogy, we can prove
Proposition 8.2. (H(R+),HPL(R+),H0(R+))
C≈ (∏ω l2,∏ω l f2 , ·∏ω l2).
To prove a similar result for the Whitney topology, we need ﬁrst to establish some topological properties of the triple
(ω l2,ω l f2 ,ωl
f
2 ).
9. A multiplication property of the triple (ωl2,ωl f2 ,ωl
f
2 )
Observe that the triple (ω l2,ω l f2 ,ωl2) is a particular case of a triple of the form(
κ G,κ H,κG
)
, (4)
where κ is a cardinal, G is a topological group and H is a dense subgroup of G .
For each topological group G , it is easy to see that the box power κ G is a topological group with respect to the
coordinatewise multiplication.
Proposition 9.1. Let G be a non-discrete topological group and H a dense subgroup of G. For any inﬁnite cardinal κ and any non-zero
cardinal λ 2κ , (κ G,κ H,κG) ≈ (λ ×κ G, λ ×κ H,1×κG).
Proof. Let e denote the neutral element of the group G . By [22, Theorem 2.2] (cf. [22, Proof of Theorem 5.16]), the topo-
logical group G admits a continuous left-invariant pseudo-metric ρ such that ρ(x0, e) 	= 0 for some point x0 which can be
chosen in the dense subgroup H of G .
The cardinal κ , being inﬁnite, can be identiﬁed with the product P = κ × ω. So, the triple (4) is homeomorphic to the
triple (
P G,P H,P G
)
. (5)
In the group P G , consider the open subgroup
P0 G =
{
(xα,n)(α,n)∈P ∈P G: ∀α ∈ κ lim
n→∞ρ(xα,n, e) = 0
}
and let P H =P G ∩P H .0 0
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meeting each left coset x ·P0 G , x ∈P G , at a single point. Moreover, the set D can be chosen so that D ∩P0 G = {e}.
Since the subgroup P0 G is open in P G , the set D is discrete in P G . We claim that the cardinality |D| 2κ . To prove
this fact, for every subset A ⊂ κ consider the vector xA = (xAα,n)(α,n)∈P ∈P H such that
xAα,n =
{
x0 if α ∈ A,
e if α /∈ A.
Observe that for different subsets A, B ⊂ κ , we get xA · (xB)−1 /∈P0 G , which implies that the subgroup P G has at least
2κ cosets in P G and hence |D| = |P G/P0 G| 2κ .
One can readily check that the map Ψ : D ×P0 G →P G, Ψ : (x, y) → x · y, is a homeomorphism mapping the triple
(D ×P0 G, D ×P0 H, {e} ×P G) onto the triple (5).
Given any non-zero cardinal λ 2κ , we see that |D × λ| = |D| and hence(
λ ×P G, λ ×P H,1×P G, )≈ (λ × D ×P0 G, λ × D ×P0 H,1× {e} ×P G)
≈ (D ×P0 G, D ×P0 H, {e} ×P G)
≈ (P G,P H,P G).
Thus, we have the result. 
Applying the preceding proposition to the triple (ω l2,ω l f2 ,ωl2), we obtain
Corollary 9.2. For every non-zero cardinal λ c, (ω l2,ω l f2 ,ωl2) ≈ (λ ×ω l2, λ ×ω l f2 ,1×ωl2).
10. The topological structure of some subspaces ofωR
In this section, we recognize the topological structure of the pair (M,M0) of subspaces M0 ⊂ M ⊂ω R deﬁned below.
By deﬁnition, M is the subspace of the box power ω R consisting of all sequences (xn)n∈ω such that
• x0 = 0;
• xn < xn+1 for all n ∈ ω;
• limn→∞ |xn − n| = 0.
By M0, we denote the subspace of M consisting of all sequences (xn)n∈ω ∈ M such that xn = n for all but ﬁnitely many
n ∈ ω.
Our aim is to prove that the pair (M,M0) is homeomorphic to (ω R,ωR). This will be done with help of the following
three lemmas.
Let us consider the difference operator ∂ : M → ω R assigning to each sequence (xn)n∈ω ∈ M the sequence (xn+1 −
xn−1)n∈ω . Observe that the image ∂(M) coincides with the subspace S of ω R consisting of sequences (yn)n∈ω ∈ (−1,∞)ω
such that
∑
n∈ω yn = 0. Moreover, the image ∂(M0) coincides with the subspace S0 of S consisting of eventually zero
sequences.
Lemma 10.1. The difference operator ∂ is a homeomorphism of the pair (M,M0) onto (S, S0).
Proof. The inverse operator ∂−1 : S → M assigns to a sequence y = (yn)n∈ω ∈ S the sequence x = (xn)n∈ω deﬁned induc-
tively as follows:
x0 = 0 and xn+1 = xn + yn + 1= n+ 1+
n∑
i=0
yi for n 0. (6)
To prove the continuity of the map ∂−1 at y, take any box neighborhood O (x) of x = ∂−1(y) and ﬁnd a sequence
ε = (εn)n∈ω of positive reals such that
M ∩n∈ω(xn − εn, xn + εn) ⊂ O (x).
Choose a sequence δ = (δn)n∈ω of positive reals such that δn < 12 min{δn−1, εn} for all n ∈ ω (here we put δ−1 = 1). Then, we
get
∑∞
i=n δi <
∑∞
i=n 2−i+nδn = 2δn < εn for every n ∈ ω. Consider the following box neighborhood of y in S:
O (y) = S ∩n∈ω(yn − δn, yn + δn).
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x′ = ∂−1(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y =∑ y′ = 0, we get
∣∣xn − x′n∣∣=
∣∣∣∣∣
n−1∑
i=0
yi −
n−1∑
i=0
y′i
∣∣∣∣∣=
∣∣∣∣∣−
∞∑
i=n
yi +
∞∑
i=n
y′i
∣∣∣∣∣
∞∑
i=n
∣∣yi − y′i∣∣<
∞∑
i=n
δi < εn for every n ∈ N,
which means that x′ ∈ O (x). 
Next, in the box power N(−1,∞), consider the clopen subset Σ consisting of all sequences (xn)n∈N ∈N(−1,∞) such
that the series
∑
n∈N xn converges. Let also Σ0 be the subspace of Σ consisting of all eventually zero sequences. For a
sequence x= (xn)n∈N ∈N R, put ∑ x=∑n∈N xn if the latter sum exists.
Lemma 10.2. (Σ,Σ0) ≈ (S, S0).
Proof. Fix a homeomorphism ϕ : (−1,∞) → R such that
ϕ(x) = x for all x ∈ [−1/2,∞) and ϕ(x) < x for all x ∈ (−1,−1/2).
We shall deﬁne a homeomorphism Ψ : Σ → S such that Ψ (Σ0) = S0. Consider the following closed sets in Σ and S:
Σ ′ =
{
x ∈ Σ:
∑ x 1/2}, Σ ′′ = {x ∈ Σ: ∑ x 1/2},
S ′ = {y = (yi)i∈ω ∈ S: y0 −1/2}, S ′′ = {y = (yi)i∈ω ∈ S: y0 −1/2}.
Let Σ ′0 = Σ ′ ∩ Σ0, Σ ′′0 = Σ ′′ ∩ Σ0, S ′0 = S ′ ∩ S0 and S ′′0 = S ′′ ∩ S0. We can deﬁne a homeomorphism Ψ ′ = Ψ : Σ ′ → S ′ as
follows:
Ψ ′(x) =
(
−
∑ x, x1, x2, . . .) ∈ S ′ for each x ∈ Σ ′.
Since
∑∞
i=1 yi = −y0  1/2 for each y = (yi)i∈ω ∈ S ′ , the inverse Ψ ′−1 can be deﬁned by
Ψ ′−1(y) = (yi)i∈N = (y1, y2, . . .).
The continuity of both Ψ ′ and Ψ ′−1 is clear and Ψ ′(Σ ′0) = S ′0 by the deﬁnition. Thus, it suﬃces to construct a homeomor-
phism Ψ ′′ : Σ ′′ → S ′′ such that Ψ ′′(Σ ′′0 ) = S ′′0 and Ψ ′′|Σ ′ ∩ Σ ′′ = Ψ ′|Σ ′ ∩ Σ ′′.
First, we deﬁne maps sn : Σ ′′ → R, fn : Σ ′′ → (−1,∞), n ∈ ω, as follows:
f0(x) = ϕ−1
(
−
∑ x)−1/2, (7)
fn(x) = ϕ−1
(
ϕ(xn) −
∑ x) for n ∈ N, and (8)
sn(x) =
n∑
i=0
f i(x) +
∞∑
i=n+1
xi for n ∈ ω, (9)
where x = (xi)i∈N ∈ Σ ′′ . Since ϕ−1(x)  x for every x ∈ R, it follows that s0(x)  0 for every x ∈ Σ ′′ . It should be noticed
that s0(x) = 0 if and only if x ∈ Σ ′ ∩ Σ ′′ . Since ϕ−1 is order-preserving (increasing), it follows that fn(x) < xn and hence
sn−1(x) > sn(x) for every n ∈ N. Moreover, sn(x) → −∞ (n → ∞). Indeed, because ∑∞i=1 xn is convergent, we can take k ∈ N
so large that |xn| < 1/8 for every n k. For each n k,
sn−1(x) − sn(x) = xn − fn(x) = xn − ϕ−1
(
ϕ(xn) −
∑ x)= xn − ϕ−1(xn −∑ x)> −1/8− ϕ−1(−3/8) = 1/4.
We consider the following closed sets in Σ ′′:
n =
{x ∈ Σ ′′: sn−1(x) 0 sn(x)}, n ∈ ω, (10)
where s−1(x) = ∞, so 0 = Σ ′ ∩Σ ′′ ⊂ 1. Since s0(x) 0 and sn(x) → −∞ (n → ∞), each x ∈ Σ ′′ is contained in some n ,
hence Σ ′′ = ⋃n∈N n . Moreover, n−1 ∩ n = {x ∈ Σ ′′: sn−1(x) = 0} for every n ∈ N. For each n ∈ N, n has an open
neighborhood Un = {x ∈ Σ ′′: sn−2(x) > 0 > sn+1(x)} such that Un ∩ i = ∅ if |n − i| > 1, which means that {n: n ∈ ω} is
locally ﬁnite.
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t0(y) =
∞∑
i=1
yi = −y0  1/2, (11)
gn(y) = ϕ−1
(
ϕ(yn) − ϕ(y0)
)
and (12)
tn(y) =
n∑
i=1
gi(y) +
∞∑
i=n+1
yi for n ∈ N, (13)
where y = (yi)i∈ω ∈ S ′′ . Then, t0(y)−ϕ(y0) because ϕ−1(−t0(y)) = ϕ−1(y0) y0. Note that t0(y) = −ϕ(y0) if and only
if y0 = ϕ(y0) if and only if y0 = −1/2. Since ϕ(y0) y0 −1/2, it follows that gn(y) > yn and hence tn−1(y) < tn(y) for
every n ∈ N. Moreover, tn(y) → ∞ (n → ∞). Indeed, take k ∈ N so large that |yn| < 1/8 for every n k, which implies that
tn(y) − tn−1(y) = gn(y) − yn = ϕ−1
(
ϕ(yn) − ϕ(y0)
)− yn = ϕ−1(yn − ϕ(y0))− yn > ϕ−1(3/8) − 1/8= 1/4.
We also consider the following closed sets in S ′′:
Dn =
{y ∈ S ′′: tn−1(y)−ϕ(y0) tn(y)}, n ∈ ω, (14)
where t−1(y) = −∞, so D0 = S ′ ∩ S ′′ ⊂ D1. Since t0(y)  −ϕ(y0) and tn(y) → ∞ (n → ∞), each y ∈ S ′′ is contained
in some Dn , hence S ′′ =⋃n∈N Dn . Moreover, Dn−1 ∩ Dn = {y ∈ S ′′: tn−1(y) = −ϕ(y0)}. For each n ∈ N, Dn has an open
neighborhood Vn = {y ∈ S ′′: tn−2(y) < −ϕ(y0) < sn+1(y)} such that Vn ∩Di = ∅ if |n− i| > 1, which means that {Dn: n ∈ ω}
is locally ﬁnite.
Now, it suﬃces to construct homeomorphisms Ψn : n → Dn , n ∈ N, such that
Ψn(n ∩ Σ0) = Dn ∩ S0 and Ψn|n ∩ n−1 = Ψn−1|n ∩ n−1,
where Ψ0 = Ψ ′ .
For each n ∈ N, we can deﬁne a map Ψn : n → Dn as follows:
Ψn(x) =
(
f0(x), . . . , fn−1(x), xn − sn−1(x), xn+1, xn+2, . . .
)
= ( f0(x), . . . , fn−1(x), fn(x) − sn(x), xn+1, xn+2, . . .). (15)
Indeed, let x= (xi)i∈N ∈ n , that is, sn−1(x) 0 sn(x). Then, fn(x) − sn(x) fn(x) > −1. By (15) and (9),
∑
Ψn(x) =
n−1∑
i=0
f i(x) + xn − sn−1(x) +
∞∑
i=n+1
xi = 0,
which means Ψn(x) ∈ S . It follows from (7) that Ψn(x) ∈ S ′′ . By (12), (15) and (8), we have
gi
(
Ψn(x)
)= ϕ−1(ϕ( f i(x))− ϕ( f0(x)))= xi for 0< i < n. (16)
Combining this with (15), (13) and (7), we have
tn−1
(
Ψn(x)
)= n−1∑
i=1
gi
(
Ψn(x)
)+ xn − sn−1(x) + ∞∑
i=n+1
xi =
n∑
i=1
xi − sn−1(x) +
∞∑
i=n+1
xi = −ϕ
(
f0(x)
)− sn−1(x). (17)
Since sn−1(x)  0, it follows that tn−1(Ψn(x))  −ϕ( f0(x)). On the other hand, since sn(x)  0, we have xn − sn−1(x) =
fn(x) − sn(x) fn(x), hence by (12), (15), (7) and (8),
gn
(
Ψn(x)
)= ϕ−1(ϕ(xn − sn−1(x))− ϕ( f0(x))) ϕ−1(ϕ( fn(x))+∑ x)= ϕ−1(ϕ(xn))= xn.
Combining this with (13), (16) and (7), we have
tn
(
Ψn(x)
)= n∑
i=1
gi
(
Ψn(x)
)+ ∞∑
i=n+1
xi 
n∑
i=1
xi +
∞∑
i=n+1
xi = −ϕ
(
f0(x)
)
.
Thus, we conclude Ψn(x) ∈ Dn . It is obvious that Ψn(n ∩ Σ0) ⊂ Dn ∩ S0.
We can also deﬁne a map Ψ ∗n : Dn → n as follows:
Ψ ∗n (y) =
(
g1(y), . . . , gn−1(y), yn − tn−1(y) − ϕ(y0), yn+1, yn+2, . . .
)
= (g1(y), . . . , gn−1(y), gn(y) − tn(y) − ϕ(y0), yn+1, yn+2, . . .). (18)
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yn − tn−1(y) − ϕ(y0) yn > −1 and
∑
Ψ ∗n (y) = −ϕ(y0)−y0  1/2,
hence Ψ ∗n (y) ∈ Σ ′′ . Moreover,
f0
(
Ψ ∗n (y)
)= ϕ−1(−∑Ψ ∗n (y))= y0 and (19)
f i
(
Ψ ∗n (y)
)= ϕ−1(ϕ(gi(y))+ ϕ(y0))= yi for 0< i < n. (20)
It follows from (9) and (18) that
sn−1
(
Ψ ∗n (y)
)= n−1∑
i=0
yi +
(
yn − tn−1(y) − ϕ(y0)
)+ ∞∑
i=n+1
yi
=
∞∑
i=0
yi − tn−1(y) − ϕ(y0) = −tn−1(y) − ϕ(y0). (21)
Since tn−1(y)−ϕ(y0), it follows that sn−1(Ψ ∗n (y)) 0. Since tn(y)−ϕ(y0), we have the following by (8) and (18):
fn
(
Ψ ∗n (y)
)= ϕ−1(ϕ(gn(y) − tn(y) − ϕ(y0))−∑Ψ ∗(y)) ϕ−1(ϕ(gn(y))+ ϕ(y0))= ϕ−1(ϕ(yn))= yn,
which implies sn(Ψ ∗n (y))
∑n
i=0 yi +
∑∞
i=n+1 yi =
∑∞
i=0 yi = 0. Thus, Ψ ∗n (y) ∈ n . Obviously, Ψ ∗n (Dn ∩ S0) ∈ n ∩ Σ0. Fur-
thermore, we can apply (21) to obtain
Ψn
(
Ψ ∗n (y)
)= (y0, . . . , yn−1, yn − tn−1(y) − ϕ(y0) − sn−1(Ψ ∗n (y)), yn+1, yn+2, . . .)
= (y0, . . . , yn−1, yn, yn+1, . . .) = y.
For each x= (xi)i∈N ∈ n , it follows from (16) and (17) that
Ψ ∗n
(
Ψn(x)
)= (x1, . . . , xn−1, xn − sn−1(x) − tn−1(Ψn(x))− ϕ( f0(x)), xn+1, xn+2, . . .)
= (x1, . . . , xn−1, xn, xn+1, . . .) = x.
Therefore, Ψn : n → Dn is a homeomorphism with Ψ −1n = Ψ ∗n , which satisﬁes Ψn(n ∩ Σ0) = Dn ∩ S0.
It should be noticed that if x ∈ 0, that is, ∑ x= 1/2, then
Ψ0(x) =
(
f0(x), x1, x2, . . .
)= (−∑ x, x1, x2, . . .)= Ψ ′(x).
For each x ∈ n−1 ∩ n , n ∈ N, since sn−1(x) = 0, we have
Ψn(x) =
(
f0(x), . . . , fn−1(x), xn, xn+1, xn+2, . . .
)= Ψn−1(x).
This completes the proof. 
Lemma 10.3. (Σ,Σ0) ≈ (N R,NR).
Proof. The homeomorphism ϕ : (−1,∞) → R from the proof of Lemma 10.2 induces a homeomorphism ϕN :N(−1,∞) →
N R. Observe(
ϕN(Σ),ϕN(Σ0)
)= (Σ ′,NR), (22)
where Σ ′ is the subspace of N R deﬁned as follows:
Σ ′ =
{
(yn)n∈N ∈N R:
∑
n∈N
ϕ−1(yn) is convergent
}
.
Then, it remains to show that the latter pair is homeomorphic to (N R,NR). To this end, consider the subgroup
l1 =
{
(xn)n∈N ∈N R:
∑
n∈N
|xn| < ∞
}
,
which is clopen in N R.
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z = (zn)n∈N ∈ l1. The convergence of
the series
∑
n∈N |zn| and
∑
n∈N ϕ−1(xn) implies the existence of a number k ∈ N such that max{|zn|, |ϕ−1(xn)|} < 14 for all
n k. Then, for every n k, since |ϕ−1(xn)| = |xn| < 14 , we get |xn + zn| < 12 and thus ϕ−1(xn + zn) = xn + zn . Note that the
convergence of
∑∞
n=k ϕ−1(xn) implies the convergence of
∑∞
n=k xn . Since the series
∑∞
n=k zn is absolutely convergent, the
series
∑
n=k(xn + zn) =
∑∞
n=k ϕ−1(xn + zn) is convergent, which means x+ z ∈ Σ ′ . Thus, we have x+ l1 ⊂ Σ ′ .
For any α ∈ (0,1), consider the sequence xα = ((−1)n(n−α + (n − 1)−α))n∈N. Then, xα ∈ Σ ′ because ∑ xα =
limn→∞(−1)nn−α = 0. However, xα − xβ /∈ l1 for α 	= β ∈ (0,1). Indeed, if 0< α < β < 1 then∣∣(−1)n(n−α + (n− 1)−α)− (−1)n(n−β + (n− 1)−β)∣∣= n−α − n−β + (n− 1)−α − (n− 1)−β
 n−α − n−β = n−β(nβ−α − 1)
 n−β
(
2β−α − 1) for every n 2.
Since
∑∞
n=2 n−β = ∞, it follows that xα − xβ /∈ l1. This implies that Σ ′ is the discrete union of continuum many shifts of
the subgroup l1 and hence(
Σ ′,NR
)≈ (c× l1,1×NR). (23)
The same is true for the group N R, that is, N R is a discrete union of continuum many shifts of l1 and hence(
N R,NR
)≈ (c× l1,1×NR). (24)
Composing the homeomorphisms (22)–(24), we obtain the required homeomorphism (Σ,Σ0) ≈ (N R,NR). 
Unifying Lemmas 10.1–10.3, we get the promised
Proposition 10.4. (M,M0) ≈ (ω R,ωR).
11. The groupH(R+) with the Whitney topology
In this section, we shall recognize the topological structure of the triple(H(R+),HPL(R+),H0(R+))= (H+(R+),HPL+ (R+),H0(R+))
of the homeomorphism groups endowed with the Whitney topology. We shall show that the above triple is homeomorphic
to the triple (ω l2,ω l f2 ,ωl2). The construction of a homeomorphism between those triples is made in Lemmas 11.1–11.4
below. All homeomorphism groups considered in this section are endowed with the Whitney topology.
Consider the following clopen subgroup of the group H(R+):
Hu(R+) =
{
h ∈ H(R+): lim
x→∞
∣∣h(x) − x∣∣= 0},
which coincides with the closure of H0(R+) in the topology of uniform convergence on H(R+). Let also HPLu (R+) =
Hu(R+) ∩ HPL(R+).
Lemma 11.1. If (Hu(R+),HPLu (R+),H0(R+))
W≈ (ω l2,ω l f2 ,ωl2), then(H(R+),HPL(R+),H0(R+)) W≈ (ω l2,ω l f2 ,ωl2).
Proof. Using the denseness of HPL(R+) in H(R+), choose a subset D ⊂ HPL(R+) so that meets each left coset h ◦ Hu(R+),
h ∈ H(R+), at exactly one point. Moreover, we can select D so that D ∩ Hu(R+) = {id}. Since Hu(R+) is a clopen sub-
group of H(R+), the subspace D is closed and discrete in H(R+). Moreover, it is easy to check that D has cardinality
of continuum. Observe that the map Ψ : D × Hu(R+) → H(R+), Ψ : ( f , g) → f ◦ g, is a homeomorphism witnessing the
following(
D × Hu(R+), D × HPLu (R+), {id} × H0(R+)
) W≈ (H(R+),HPL(R+),H0(R+)).
Assuming that (Hu(R+),HPLu (R+),H0(R+))
W≈ (ω l2,ω l f2 ,ωl2), we conclude that(H(R+),HPL(R+),H0(R+)) W≈ (D ×ω l2, D ×ω l f2 , {id} ×ωl2) W≈ (ω l2,ω l f2 ,ωl2),
where the second homeomorphism follows from Corollary 9.2. 
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Hu(R+,N) =
{
h ∈ Hu(R+): h|N = id
}
and
L = {h ∈ Hu(R+): h is linear on each interval [n,n+ 1], n ∈ ω}.
It is clear that L ⊂ HPLu (R+) and L0 = L ∩ H0(R+) ⊂ HPL0 (R+).
Lemma 11.2. The triple (Hu(R+),HPLu (R+),H0(R+)) is homeomorphic to(
L × Hu(R+,N), L × HPLu (R+,N), L0 × H0(R+,N)
)
.
Proof. The following is a required homeomorphism between the triples:
Ψ : L × Hu(R+,N) → Hu(R+), Ψ : ( f , g) → f ◦ g.
Indeed, for each h ∈ Hu(R+), the PL homeomorphism φ(h) : R+ → R+ is deﬁned by φ(h)|ω = h|ω and φ(h) is linear on
[n,n+ 1] for each n ∈ ω. The correspondence h → (φ(h),φ(h)−1h) gives the inverse of Ψ −1. 
Thus, to recognize the topology of the triple (H(R+),HPL(R+),H0(R+)), it suﬃces to know the topological types of the
pair (L, L0) and the triple(Hu(R+,N),HPLu (R+,N),H0(R+,N)). (25)
Lemma 11.3. (L, Lc) ≈ (ω R,ωR).
Proof. Observe that the map Ψ : L → M , Ψ : h → (h(n))n∈ω , is a homeomorphism from the pair (L, Lc) onto the pair
(M,M0) considered in Section 10. Since (M,M0) ≈ (ω R,ωR) by Proposition 10.4, we have the result. 
Lemma 11.4. The triple (25) is homeomorphic to (ω l2,ω l f2 ,ωl2).
Proof. The box power ω H+(I) of the group H+(I) of orientation-preserving homeomorphisms of the closed interval
I = [0,1] is a group with the group operation: f ◦ g = ( fn ◦ gn)n∈ω for each f = ( fn)n∈ω, g = (gn)n∈ω. Consider the following
open subgroup of ω H+(I):
ωu H+(I) =
{
(hn)n∈ω: lim
n→∞‖hn − id‖ = 0
}
,
where ‖ f − g‖ = supt∈I | f (t) − g(t)|.
Observe that the triple (25) is homeomorphic to the following triple:(
ωu H+(I),ωu HPL+ (I),ωH+(I)
)
(26)
by the homeomorphism G : Hu(R+,N) → ωu H+(I), h → (hn)n∈ω, where each hn ∈ H+(I) is deﬁned as follows: hn(t) =
h(n+ t) − n for t ∈ I.
For the open subgroup
ωl1 H+(I) =
{
(hn)n∈ω:
∞∑
n=0
‖hn − id‖ < ∞
}
⊂ω H+(I),
we get ωH+(I) ⊂ ωl1 H+(I) ⊂ ωu H+(I). Since ω HPL+ (I) is dense in ω H+(I), we can choose D ⊂ ω HPL+ (I) which
meets each left coset g ◦ωl1 H+(I), g ∈ωu H+(I), at exactly one point. Moreover, D ∩ωl1 H+(I) is the neutral element.
Then, the map Ψ : D ×ωl1 H+(I) →ωu H+(I), Ψ : (g, h) → g ◦ h, is a homeomorphism mapping the triple(
D ×ωl1 H+(I), D ×ωl1 HPL+ (I), {0} ×ωH+(I)
)
(27)
onto the triple (26).
By the same reason, the triple(
ω H+(I),ω HPL+ (I),ωH+(I)
)
(28)
is homeomorphic to (27). On the other hand, (H+(I),HPL+ (I)) ≈ (l2, l f2 ) by Proposition 7.1, hence the above triple (28) is
homeomorphic to (ω l2,ω l f ,ωl2). Therefore, the triples (27) and (25) are also homeomorphic to (ω l2,ω l f ,ωl2). 2 2
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Proposition 11.5. (H(R+),HPL(R+),H0(R+))
W≈ (ω l2,ω l f2 ,ωl2).
Proof. By Lemmas 11.2–11.4, we have the following homeomorphisms of the triples:(Hu(R+),HPLu (R+),H0(R+)) W≈ (L × Hu(R+,N), L × HPLu (R+,N), L0 × H0(R+))
W≈ (ω R ×ω l2,ω R ×ω l f2 ,ωR ×ωl2)
≈ (ω(R × l2),ω(R × l f2 ),ω(R × l2))
≈ (ω l2,ω l f2 ,ωl2).
Lemma 11.1 completes the proof. 
12. The groupH+(R) with the Whitney topology
The principal result of this section is the following:
Proposition 12.1. (H+(R),HPL+ (R),H0(R))
W≈ (ω l2,ω l f2 ,ωl2).
Proof. For a real number a, consider the homeomorphism la ∈ H(R) deﬁned by the three conditions:
• la(0) = a,
• la(x) = x if |x| 2|a|;
• la is linear on the intervals [−2|a|,0] and [0,2|a|].
It is easy to see that the correspondence a → la determines a homeomorphic embedding of the real line R into the
group HPLc (R).
In the group H+(R), consider the closed subgroups
H(R+) =
{
h ∈ H+(R): h|(−∞,0] = id
}
,
H(R−) =
{
h ∈ H+(R): h|[0,+∞) = id
}
,
and let H0(R+) = H(R+) ∩ H0(R), H0(R−) = H(R−) ∩ H0(R).
Observe that the map
Ψ : R × H(R+) × H(R−) → H+(R), Ψ : (a, f , g) → la ◦ f ◦ g,
is a homeomorphism mapping the triple(
R × H(R+) × H(R−),R × HPL(R+) × HPL(R−),R × H0(R+) × H0(R−)
)
onto the triple(H+(R),HPL+ (R),H0(R)). (29)
By Proposition 11.5, the triples (H(R+),HPL(R+),H0(R+)) and (H(R−),HPL(R−),H0(R−)) are homeomorphic to
(ω l2,ω l f2 ,ωl2). Consequently, the triple (29) is homeomorphic to the triple(
R ×ω l2 ×ω l2,R ×ω l f2 ×ω l f2 ,R ×ωl2 ×ωl2
)
,
which is homeomorphic to (ω l2,ω l f2 ,ωl2) because of the homeomorphism (R × l2 × l2,R × l f2 × l f2 ) ≈ (l2, l f2 ). 
13. Groups of orientation preserving homeomorphisms of a graph
In this section, for any graph Γ we shall recognize the topological type of the triple (H+(Γ ),HPL+ (Γ ),H0(Γ )) endowed
with the compact-open or the Whitney topology.
We recall that oΓ stands for the number of isolated circles of Γ and
eΓ = κΓ + νΓ · ℵ0,
where κΓ (resp. νΓ ) is the number of connected components of Γ \Γ (0) having compact (resp. non-compact) closure in Γ .
T. Banakh et al. / Topology and its Applications 156 (2009) 2845–2869 2863Theorem 13.1. For any graph Γ , (H+(Γ ),HPL+ (Γ ),H0(Γ ))
W≈ (oΓ T ×eΓ l2,oΓ T ×eΓ l f2 ,oΓ T ×eΓ l2).
Proof. Write the complement Γ \ Γ (0) as the disjoint union ⋃α∈A Eα of connected components. We recall that Γ (0) is the
(closed discrete) set of topological vertices of Γ . For every α ∈ A, let Eα and ∂Eα be the closure and the boundary of Eα
in Γ . It is clear that Eα is homeomorphic to one of the spaces: I, T, R or R+ .
Let H+(Eα, ∂Eα) denote the group of orientation-preserving homeomorphisms of Eα that do not move the points of the
boundary ∂Eα . We shall identify the group H+(Eα, ∂Eα) with the subgroup {h ∈ H+(Γ ): h|Γ \ Eα = id} of H+(Γ ). Let also
HPL+ (Eα, ∂Eα) = H+(Eα, ∂Eα) ∩ HPL(Γ ) and H0(Eα, ∂Eα) = H+(Eα, ∂Eα) ∩ H0(Γ ).
It is easy to see that the group isomorphism Ξ : H+(Γ ) → α∈AH+(Eα, ∂Eα), Ξ : h → (h|Eα)α∈A, establishes the
topological equivalence(H+(Γ ),HPL+ (Γ ),H0(Γ )) W≈ (α∈A H+(Eα, ∂Eα),α∈A HPL+ (Eα, ∂Eα),α∈AH0(Eα, ∂Eα)).
In the index set A consider the following three subsets:
S = {α ∈ A: E¯α is an isolated circle},
K = {α ∈ A: E¯α is compact},
N = {α ∈ A: E¯α is not compact},
and observe that |S| = oΓ and |K | + |N| · ℵ0 = κΓ + νΓ · ℵ0 = eΓ .
Propositions 7.1, 7.2, 11.5 and 12.1 imply that for every α ∈ A,
(H+(Eα, ∂Eα),HPL+ (Eα, ∂Eα),H0(Eα, ∂Eα))≈
⎧⎪⎪⎨
⎪⎪⎩
(T × l2,T × l f2 ,T × l2) if α ∈ S,
(l2, l
f
2 , l2) if α ∈ K \ S,
(ω l2,ω l f2 ,ωl2
)
if α ∈ N.
Then, we get the following homeomorphisms
(H+(Γ ),HPL+ (Γ ),H0(Γ )) W≈ (α∈AH+(Eα, ∂Eα),α∈AHPL+ (Eα, ∂Eα),α∈AH0(Eα, ∂Eα))
≈ (S T ×K l2 ×N ω l2,S T ×K l f2 ×N ω l f2 ,ST ×K l2 ×N ω l2)
≈ (oΓ T ×eΓ l2,oΓ T ×eΓ l f2 ,oΓ T ×eΓ l2). 
By analogy, we can prove the compact-open version of Theorem 13.1:
Theorem 13.2. For any graph Γ ,
(H+(Γ ),HPL+ (Γ ),H0(Γ )) C≈ (∏oΓ T ×∏eΓ l2,∏oΓ T ×∏eΓ l f2 , ·∏oΓ T × ·∏eΓ l2).
14. The automorphism groups of digraphs
In this section, we recall some information about the automorphism groups Aut( Γ ) of digraphs Γ , which will be used
in the next section to identify the quotient group H(Γ )/H+(Γ ) with Aut( Γ ) for certain digraph Γ associated to Γ .
Recall that a digraph is a pair Γ = (V , E), where V is the set of vertices and E ⊂ V × V is the set of (directed) edges
of Γ . A digraph Γ = (V , E) is said to be countable if the set V is at most countable (hence so is V ∪ E). An automorphism of
a digraph (V , E) is a bijection h : V → V such that (u, v) ∈ E if and only if (h(u),h(v)) ∈ E . The automorphism group Aut( Γ )
is the group consisting of all automorphisms of the digraph Γ = (V , E).
The geometric realization | Γ | of a digraph Γ = (V , E) is deﬁned as follows: Consider the Banach space
l1(V ) =
{
x= (xv)v∈V ∈ RV : ‖x‖ =
∑
v∈V
|xv | < ∞
}
.
Let [x, y] = {(1 − t)x + ty: t ∈ [0,1]} be the closed interval in l1(V ) connecting points x, y ∈ l1(V ). Identify each vertex
v ∈ V with the unit vector ev ∈ l1(V ), where (ev)v = 1 and (ev)u = 0 for u ∈ V \ {v}. Then, we have the 1-dimensional
simplicial complex with the vertices v ∈ V and the edges [u, v], (u, v) ∈ E . The geometric realization | Γ | is the polyhedron
of this complex, i.e., | Γ | =⋃(u,v)∈E [u, v] with the CW-topology with respect to {[u, v]: (u, v) ∈ E}. Thus, | Γ | is a graph.
Each automorphism h of a digraph Γ = (V , E) determines the unique simplicial homeomorphism h˜ : | Γ | → | Γ | such that
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h˜ ∈ H(| Γ |), the automorphism group Aut( Γ ) of a digraph Γ can be embedded into the homeomorphism group H(| Γ |) of
its geometric realization, where Aut( Γ ) ⊂ HPL(| Γ |).
One should note that Aut( Γ )  Aut( Γ ′) even if | Γ | = | Γ ′| as simplicial complexes. As examples, consider three digraphs
Γ1 = (V , E1), Γ2 = (V , E1), Γ3 = (V , E3) with the same set of vertices V = {1,−1, i,−i} ⊂ C and the sets of directed edges
E1 =
{
(−1, i), (i,1), (1,−i), (−i,−1)},
E2 =
{
(−1, i), (−1,−i), (i,1), (1,−i)},
E3 =
{
(−1, i), (−1,−i), (i,1), (−i,1)},
Γ1: −1


i



−i





1 Γ2: −1




i



−i

 1 Γ3: −1




i



−i
 1


Then, | Γ1| = | Γ2| = | Γ3| but Aut( Γ1) ∼= Z4 = Z/4Z, Aut( Γ2) ∼= Z2 = Z/2Z, Aut( Γ3) = {id}.
It is easy to see that the subgroup Aut( Γ ) is discrete with respect to the Whitney topology inherited from H(| Γ |).
In case of the compact-open topology, Aut( Γ ) can be embedded as a closed subspace of V V , where V is the space of
all vertices of Γ with discrete topology. Then, it is obvious that Aut( Γ ) ⊂ V V is a topological group. Since the Cartesian
product of 0-dimensional metrizable spaces is also 0-dimensional [20], we have the following proposition:
Proposition 14.1. The automorphism group Aut( Γ ) endowed with the compact-open (resp. Whitney) topology is a 0-dimensional
(resp. discrete) topological group.
The following classiﬁcation of separable completely metrizable 0-dimensional homogeneous spaces is well known, but
for completeness, we shall give a proof.
Proposition 14.2. Every separable completely metrizable 0-dimensional homogeneous space is homeomorphic to one of the spaces:
2ω , 2ω × N, Nω , N, or n = {0,1, . . . ,n− 1} ∈ N.
Proof. Let X be a separable completely metrizable 0-dimensional homogeneous space. If X has an isolated point, then every
point of X is isolated by the homogeneity of X . Hence, X is a discrete space. Since X is separable, X must be homeomorphic
to N or a ﬁnite space.
Assume that X has no isolated points. In case X is compact, X is homeomorphic to 2ω by the characterization of the
Cantor space, that is, every non-empty compact metrizable 0-dimensional perfect space is homeomorphic to 2ω [14]. Finally,
we shall consider the non-compact case. If X is not locally compact, then every compact set in X has no interior points
by the homogeneity of X . Since every separable completely metrizable non-empty 0-dimensional nowhere locally compact
space is homeomorphic to the space of irrational numbers Nω [14], X is homeomorphic to Nω . On the other hand, if X is
locally compact, then X has an open cover U so that each member of U has the compact closure. By the 0-dimensionality
of X , we can take an open reﬁnement V of U such that each two members of V are disjoint. Then, each member V of V
is clopen, hence compact. Since X has no isolated points, so does V . Thus, V is homeomorphic to 2ω . By the separability,
V is countable. Therefore, X is homeomorphic to 2ω × N. 
Thus, we have the following corollary:
Corollary 14.3. For a countable digraph Γ , the automorphism group Aut( Γ ) endowed with the compact-open topology is homeomor-
phic to one of the spaces: 2ω , 2ω × N, Nω , N, or n = {0, . . . ,n− 1} ∈ N.
15. Describing the quotient groupH(Γ )/H+(Γ )
In this section, to each graph Γ , we shall assign a digraph Γ whose automorphism group Aut( Γ ) is naturally isomor-
phic to the quotient group H(Γ )/H+(Γ ), and shall show that the homeomorphism group H(Γ ) is a semi-direct product
of H+(Γ ) and Aut( Γ ). We recall that a (topological) group G = N  H is a semi-direct product of two (topological) groups N
and H if N is a normal subgroup of G , H is a subgroup of G and the map h : N × H → G , h : (x, y) → xy, is a bijection
(a homeomorphism).
First we assign digraphs to the graphs, PL homeomorphic to I = [0,1], R, R+ or the circle T = {z ∈ C: |z| = 1} endowed
with the PL-structure such that the covering map R → T, t → e2π it , is piecewise linear. The closed interval I, the circle T,
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T = (VT, ET), R+ = (VR+ , ER+ ) and R = (VR, ER), where
V I = {−1,0,1}, EI =
{
(0,−1), (0,1)};
VT = {1,−1, i,−i}, ET =
{
(i,1), (−i,1), (−1, i), (−1,−i)};
VR+ = ω, ER+ =
{
(n,n+ 1): n ∈ ω} and
VR = Z, ER =
{
(n,n + 1), (−n,−n − 1): n ∈ ω},
(V I, EI): 
−1
  	
0

1
(VT, ET): −1




i



−i

 1
(VR+ , ER+ ):  	
0
 	
1
 	
2
 	
3
 	
4
   
(VR, ER):    
−3

−2

−1
 	
0
 	
1
 	
2
 	
3
   
Then, we have Aut(I) = {idI, θI}, Aut(T) = {idT, θT} and Aut( R) = {idR, θR} but Aut( R+) = {idR+}, which are naturally iso-
morphic to H(I)/H+(I), H(T)/H+(T), H(R)/H+(R) and H(R+)/H+(R+), respectively.
Write Γ \ Γ (0) as the disjoint union Γ \ Γ (0) =⋃α∈A Eα of connected components and for every α ∈ A ﬁx a PL home-
omorphism ϕα : Eα → Mα onto a space Mα ∈ {I,T,R,R+}. If Eα is a non-isolated circle, we additionally assume that
ϕα(∂Eα) ⊂ {1} ⊂ T. Now, we deﬁne the digraph Γ = (V , E) by letting
V = Γ (0) ∪
⋃
α∈A
ϕ−1α (VMα ) and E =
{(
ϕ−1α (x),ϕ−1α (y)
)
: α ∈ A, (x, y) ∈ EMα
}
.
The digraph Γ will be called the associated digraph to the graph Γ .
Since Γ is PL homeomorphic to the geometric realization | Γ | of Γ , we can identify Γ with | Γ | and H(Γ ) with H(| Γ |).
Also we identify the automorphism group Aut( Γ ) with the subgroup of HPL(Γ ) = HPL(| Γ |), consisting of simplicial home-
omorphisms of | Γ |. Let Autc( Γ ) denote the subgroup of Aut( Γ ), consisting of the automorphisms of Γ with compact
support.
To see that H(Γ ) = H+(Γ )Aut( Γ ), we shall establish the following lemmas at ﬁrst. Recall that Aut( Γ ) is closed (resp.
discrete) subgroup of the homeomorphism group H(| Γ |) endowed with the compact-open (resp. the Whitney) topology
(see Section 14).
Lemma 15.1. There exists a continuous section s : H(Γ )/H+(Γ ) → Aut( Γ ) of the quotient map q : H(Γ ) → H(Γ )/H+(Γ ),
q :h → H+(Γ )h.
Proof. For each h ∈ H(Γ ), we have a bijection ψ : A → A such that h(Eα) = Eψ(α) for α ∈ A. For each α ∈ A, let gα : Eα →
Eψ(α) be the homeomorphism deﬁned as follows:
gα =
{
ϕ−1ψ(α)ϕα if ϕψ(α)hϕ−1α : Mα → Mα is orientation-preserving,
ϕ−1ψ(α)θϕα if ϕψ(α)hϕ−1α : Mα → Mα is orientation-reversing,
where θ(x) = −x if Mα = I or R; θ(z) = z¯ if Mα = T (note Mα 	= R+ in case ϕψ(α)hϕ−1α is orientation-reversing). Note that
if H+(Γ )h = H+(Γ )h′ then h and h′ deﬁne the same homeomorphism gα . Thus, we can deﬁne s(H+(Γ )h) : Γ → Γ by
s(H+(Γ )h)|Γ (0) = h|Γ (0) and s(H+(Γ )h)|Eα = gα , α ∈ A. Observe that s(H+(Γ )h) ∈ Aut( Γ ) and q ◦ s = id. The continuity
of s is obvious. 
In fact, the above section s is a group isomorphism. Hence, we have that Aut( Γ ) ≡ H(Γ )/H+(Γ ).
Lemma 15.2. For any h ∈ H(Γ ), the set H+(Γ )h ∩ Aut( Γ ) has exactly one point. Thus, we have s ◦ q|Aut( Γ ) = id.
Proof. By Lemma 15.1, each H+(Γ )h ∩ Aut( Γ ) is a non-empty set. Now, we shall show that H+(Γ )h ∩ Aut( Γ ) has at most
one point. Suppose that f , g ∈ Aut( Γ ) and H+(Γ ) f = H+(Γ )g . Then, it follows that f |Γ (0) = g|Γ (0) and f (Eα) = g(Eα)
for each α ∈ A. Let f (Eα) = Eα′ . Note that fα = ϕα′ f ϕ−1α and gα = ϕα′ gϕ−1α belong to the same component of H(Mα).
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reversing, respectively, where
θMα (x) = −x if Mα = I or R; θMα (z) = z¯ if Mα = T
(note that fα and gα are idMα in case Mα = R+). This means that fα = gα and f |Eα = ϕ−1α′ fαϕα = ϕ−1α′ gαϕα = g|Eα for
each α ∈ A, that is, f = g . 
In Section 17, we shall show that H+(Γ ) is a normal subgroup of H(Γ ). Then, the following proposition implies that
H+(Γ )  Aut( Γ ) = H(Γ ).
Proposition 15.3. Let Γ be a graph and Γ be the associated digraph. Then,
(i) the mapμ : H+(Γ )×Aut( Γ ) → H(Γ ), ( f , g) → f ◦ g, is a homeomorphismwith respect to the compact-open and theWhitney
topologies;
(ii) μ(HPL+ (Γ ) × Aut( Γ )) = HPL(Γ );
(iii) μ(H0(Γ ) × Autc( Γ )) = Hc(Γ ).
Proof. By Proposition 6.1 and [4, Proposition 4.14], μ is continuous with respect to the both topologies. Thus, it suﬃces
to show that μ has the continuous inverse. Let s be the section of q in Lemma 15.1. Since Aut( Γ ) is a topological group,
we can deﬁne the map ζ : H(Γ ) → H+(Γ ) × Aut( Γ ) by ζ(h) = (h ◦ s(q(h))−1, s(q(h))). Then, observe that μ ◦ ζ = id and
ζ ◦μ = id, that is, ζ = μ−1. Thus, μ is a homeomorphism. 
16. Proofs of Theorems 2.1, 2.2 and 2.6
Combining Proposition 15.3 with Theorems 13.2 and 13.1, we obtain Theorems 2.1 and 2.2 announced in Introduction.
To prove Theorem 2.6, assume that Γ is a non-compact graph and let Γ = (V , E) be the associated digraph. By the
deﬁnition of Γ , we have |V | pΓ + 4eΓ . Now consider two cases.
(1) The case 2pΓ  2eΓ . Let V0 ⊂ V denote the set of isolated points of the graph | Γ |. It follows that the group Aut( Γ )
contains the subgroup S of all bijections of the set V0. Since |V0| = pΓ  ℵ0, the group S has cardinality |S| = 2pΓ . Now,
since
2pΓ = |S| ∣∣Aut( Γ )∣∣ |V ||V |  (pΓ + eΓ )pΓ +eΓ = 2pΓ +eΓ = 2pΓ ,
we have |Aut( Γ )| = 2pΓ +eΓ and thus
(H(Γ ),HPL(Γ ),H0(Γ )) W≈ (Aut( Γ ) ×oΓ T ×eΓ l2,Aut( Γ ) ×oΓ T ×eΓ l f2 , {id} ×oΓ T ×eΓ )
≈ (2pΓ +eΓ ×oΓ T ×eΓ l2,2pΓ +eΓ ×oΓ T ×eΓ l f2 ,1×oΓ T ×eΓ ).
(2) The case 2pΓ  2eΓ . The non-compactness of Γ implies that pΓ + eΓ  ℵ0 and hence eΓ is inﬁnite. Then, |V | 
pΓ + 4eΓ = pΓ + eΓ and thus∣∣Aut( Γ )∣∣ |V ||V |  (pΓ + eΓ )pΓ +eΓ  2pΓ +eΓ = 2eΓ .
Applying Proposition 9.1, we conclude that
(
Aut( Γ ) ×eΓ l2,Aut( Γ ) ×eΓ l f2 , {id} ×eΓ l2
)≈ (2pΓ +eΓ ×eΓ l2,2pΓ +eΓ ×eΓ l f2 ,1×eΓ l2)
≈ (eΓ l2,eΓ l f2 ,eΓ l2)
where Aut( Γ ) is endowed with the Whithey topology (and hence is discrete).
Combining this fact with Theorem 2.2, we get the desired homeomorphism:
(H(Γ ),HPL(Γ ),H0(Γ )) W≈ (Aut( Γ ) ×oΓ T ×eΓ l2,Aut( Γ ) ×oΓ T ×eΓ l f2 , {id} ×oΓ T ×eΓ l2)
≈ (2pΓ +eΓ ×oΓ T ×eΓ l2,2pΓ +eΓ ×oΓ T ×eΓ l f2 ,1×oΓ T ×eΓ l2)
≈ (oΓ T ×eΓ l2,oΓ T ×eΓ l f2 ,oΓ T ×eΓ l2).
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In this section, we shall prove Proposition 1.1 announced in Introduction. Taking into account that the group Aut( Γ ) is
0-dimensional, we see that Theorem 2.1 implies the “compact-open” part of Proposition 1.1.
Proposition 17.1. The group H+(Γ ) (resp. HPL+ (Γ )) coincides with the identity component of the homeomorphism group H(Γ ) (resp.
HPL(Γ )) endowed with the compact-open topology.
In fact, the topological structure of the automorphism group Aut( Γ ) can be recovered from the topological structure of
the group H(Γ ):
Proposition 17.2. LetΓ be a graph and Γ be its associated digraph. The automorphism group Aut( Γ ) endowedwith the compact-open
topology is homeomorphic to the space of quasi-components of the group H(Γ ) endowed with the compact-open topology.
The subgroup H+(Γ ), being the connected component of H(Γ ), is normal and closed in H(Γ ) with the compact-open
topology. Next, we show that H+(Γ ) is open in the Whitney topology.
Proposition 17.3. H+(Γ ) is an open normal subgroup of the group H(Γ ) endowed with the Whitney topology.
Proof. For any h ∈ H+(Γ ) and any closed edge Eα in Γ , h|Eα is isotopic to idEα in Eα . Hence, g−1hg|Eα  g−1g|Eα = idEα
in Eα for all g ∈ H(Γ ). Thus, g−1hg|Eα is orientation-preserving in Eα , and we have g−1hg ∈ H+(Γ ). This is the normality
of H+(Γ ).
To see that H+(Γ ) is open in H(Γ ), take two points vα1 , vα2 ∈ Eα for any α ∈ A. It follows from the deﬁnition of the CW-
topology on Γ that the set Λ = Γ (0) ∪{vα1 , vα2 : α ∈ A} is discrete in Γ . Thus, for any v ∈ Λ, we can take a neighborhood Uv
such that Uv ∩ Uw = ∅ if v,w ∈ Λ and v 	= w . Then, U = {Uv : v ∈ Λ} ∪ {Γ \Λ} is an open cover of Γ . For any h ∈ H+(Γ ),
take any g ∈ H(Γ ) with g ∈ U(h). From the deﬁnition of U , g(v) ∈ Uv for any v ∈ Λ and g(w) = w for any w ∈ Γ (0) .
Hence, g|Eα must be orientation-preserving in Eα , for any α ∈ A. Thus, H+(Γ ) is open in H(Γ ). 
Corollary 17.4. The quotient group Aut( Γ ) = H(Γ )/H+(Γ ) endowed with the quotient Whitney topology is discrete.
Next, we describe the identity component of the group H(Γ ) endowed with the Whitney topology and hence prove the
second part of Proposition 1.1.
Proposition 17.5. The identity component of the group H(Γ ) endowed with the Whitney topology coincides with the subgroup
H0(Γ ) = H+(Γ ) ∩ Hc(Γ ).
Proof. Since Γ is a paracompact space, we may apply Proposition 4.2 of [4] to conclude that the identity component C0 of
the homeomorphism group H(Γ ) lies in the subgroup Hc(Γ ). The subgroup H+(Γ ), being open in H(Γ ), also contains C0.
Consequently, C0 ⊂ H+(Γ ) ∩ Hc(Γ ) = H0(Γ ). On the other hand, by Theorem 2.2, the group H0(Γ ) is homeomorphic
to oΓ T × eΓ l2, which is connected. Thus, H0(Γ ) ⊂ C0. Unifying both the inclusions, we obtain the required equality
C0 = H0(Γ ). 
By the same argument, we can prove
Proposition 17.6. The identity component of the group HPL(Γ ) endowed with the Whitney topology coincides with the subgroup
HPL0 (Γ ) = HPL(Γ ) ∩ H0(Γ ) = HPL+ (Γ ) ∩ Hc(Γ ).
18. Proof of Proposition 3.2
Let κ be any cardinal.
(1) First, we prove that b1(κT) = κ . Recall that b1(κT) = dimQ H1(κT;Q). Using the deﬁnition of the box topology
on κT, we can easily show that for each compact subset K ⊂κT, there is a ﬁnite subset F ⊂ κ such that
K ⊂ TF = {(xα)α∈κ ∈κT: ∀α ∈ κ \ F , xα = 1}.
Combining with the compact support axiom for the singular homologies (see [21, Chapter 4, Section 8, 11]), this property
of κT implies that the homology group H1(κT;Q) coincides with the direct limit of the spectrum {H1(TF ;Q): F ⊂ κ,
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to
⊕κ
Q and hence
b1
(
κT
)= dimQ H1(κT;Q)= dimQ(⊕κ Q)= κ.
(2) Next, we prove that b1(
∏κ
T) = κ . Since ∏κ T is the limit of the inverse spectrum {TF : F ⊂ κ, |F | < ∞}, the
continuity of Cˇech cohomologies (see [11, Chapter VIII, 6.18]) implies that Hˇ1(
∏κ
T;Q) is the direct limit of a spectrum
{Hˇ1(TF ;Q): F ⊂ κ, |F | < ∞}. Since each group Hˇ1(TF ;Q) is isomorphic to QF , we conclude that Hˇ1(∏κ T) is isomorphic
to the direct sum
⊕κ
Q. Consequently, we have
b1
(∏κ
T
)= dimQ Hˇ1(∏κ T;Q)= dimQ(⊕κ Q)= κ.
(3) Finally, we prove that cb1( ·∏κ T) = κ . Observe that each continuous function f : K → ·∏κ T from a compact Haus-
dorff space K can be written as f = i ◦ f¯ , where f¯ = f : K → f (K ) and i : f (K ) → ·∏κ T is the inclusion map. Then,
the induced operator f ∗ : Hˇ1( ·∏κ T) → Hˇ1(K ) can be written as f ∗ = f¯ ∗ ◦ i∗ , where i∗ : Hˇ1( ·∏κ T) → Hˇ1( f (K );Q) and
f¯ ∗ : Hˇ1( f (K );Q) → Hˇ1(K ;Q) are linear operators induced by the maps i and f¯ , respectively.
Taking into account that the weight w( f (K )) of the compactum f (K ) does not exceed κ , we conclude that
dimQ Hˇ1( f (K );Q) w( f (K )) κ by the continuity of the Cˇech cohomologies, see [11, Chapter VIII, 6.18]. Consequently,
dimQ f
∗(Hˇ1( ·∏κ T)) dimQ f¯ ∗(Hˇ1( ·∏κ T)) dimQ Hˇ1( f (K );Q) κ,
which implies cb1( ·∏κ T) κ .
To prove the reverse inequality, for every α ∈ κ , consider the projection prα : ·
∏κ
T → T onto the α-th coordinate circle
and the embedding eα : T → ·∏κ T assigning to each point x ∈ T the sequence (xβ)β∈κ such that xα = x and xβ = 1 for all
β 	= α.
It is clear that the union K =⋃α∈κ eα(T) is a compact subset of ·∏κ T. Denote by i : K → ·∏κ T the inclusion map. The
chain of the maps
T
eα−→ K i−→ ·∏κ T prα−→ T
with prα ◦ i ◦ eα = id induces the chain of linear operators
Hˇ1(T;Q) e
∗
α←− Hˇ1(K ;Q) i∗←− Hˇ1( ·∏κ T;Q) pr∗α←− Hˇ1(T;Q)
with e∗α ◦ i∗ ◦ pr∗α = id. Fix any non-zero element g ∈ Hˇ1(T;Q) and consider its image gα = i∗ ◦ pr∗α(g) ∈ i∗(Hˇ1( ·
∏κ
T;Q)) ⊂
Hˇ1(K ,Q). It is non-zero because e∗α(gα) = g 	= 0.
We claim that the vectors gα , α ∈ κ , are linearly independent and consequently, dimQ i∗(Hˇ1(K ;Q)) κ . For every α ∈ κ ,
consider the linear operator Pα = i∗ ◦ pr∗α ◦ e∗α : Hˇ1(K ;Q) → Hˇ1(K ;Q) and observe that
Pα(gα) = i∗ ◦ pr∗α ◦ e∗α(gα) = i∗ ◦ pr∗α ◦ e∗α ◦ i∗ ◦ pr∗α(g)
= i∗ ◦ pr∗α ◦ (prα ◦ i ◦ eα)∗(g) = i∗ ◦ pr∗α ◦ id∗(g) = i∗ ◦ r∗α(g) = gα,
while for every β 	= α in κ we get
Pα(gβ) = i∗ ◦ pr∗α ◦ e∗α(gβ) = i∗ ◦ pr∗α ◦ e∗α ◦ i∗ ◦ pr∗β(g) = i∗ ◦ pr∗α ◦ (prβ ◦ i ◦ eα)∗(g) = i∗ ◦ pr∗α ◦ 0∗(g) = 0
because prβ ◦ i ◦ eα : T → {1} ⊂ T is a constant map.
To see that the vectors gα , α ∈ κ , are linearly dependent assume that 0 =∑α∈κ λ(α) · gα for some function λ : κ → Q
such that the set {α ∈ κ: λ(α) 	= 0} is ﬁnite. Applying the operators Pβ , β ∈ κ , to the above equality, we conclude that
0= Pβ(0) = Pβ
(∑
α∈κ
λ(α) · gα
)
=
∑
α∈κ
λ(α) · Pβ(gα) = λ(β) · gβ
and thus λ(β) = 0. This means that λ ≡ 0 and the vectors gα , α ∈ κ , are linearly independent.
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